The determination of elastic constants is vital for any in-depth study of material performances. One of the more frequently used methods for elastic constant determination involves ultrasonic velocity measurements. Although this method is convenient in isotropic materials, it involves more complicated procedures for anisotropic materials. In this study, a measurement method is introduced that does not require cutting samples for velocity measurements in different directions. This method utilizes the acoustoultrasonic technique and deduces the elastic constants of transversely isotropic materials from the time-of-flight of obliquely reflected echoes which are received by another transducer placed on the same surface. Analytical and numerical analyses are described which reveal the sensitivity of the results to different kinds of measurement errors. It is reported that systematic errors are most detrimental to the extraction of elastic constants, and appropriate steps are demonstrated which reduce this kind of error. This method is experimentally tested on three unidirectional graphite/epoxy composite plates. Three of the elastic constants were found using pulse-echo velocity measurements normal to the top surface of the sample plate. The other two elastic constants were computed using acoustoultrasonic technique. The results show good agreement with nominal values of elastic constants obtained by cutting one of the tested samples.
INTRODUCTION
The extensive use of composites as structural materials in today's industries has demanded a greater understanding of their properties. The anisotropic elastic constants of composites are among the most important. Knowledge of these constants is essential for static stress analysis in design and for predicting structural vibration. In addition, the elastic constants play an important role in understanding the results of ultrasonic nondestructive inspection. A case of particular interest in this paper is that of thick composites, with thicknesses ranging from 20 to 30 mm. These types of composites are being considered for hulls of submersed vehicles. 1 Several methods are available for determining the elastic constants of thick composites. Ultrasonic wave speed measurement is one of the most commonly used methods for the determination of elastic constants of anisotropic materials. 2
The conventional way of measuring elastic constants using ultrasound usually requires cutting specimens from the structure and finding the ultrasonic wave speed in different directions. 3 However, other than being a tedious task, the cutting of a sample from the whole structure may be undesirable or impossible. There have been several studies having as an objective the nondestructive determination of elastic constants. Pearson and Muri 4 first found the elastic constants of a composite by cutting small samples at different angles. They then performed an immersion test by sending a nonnormal incident signal through the sample and received the signal on the other side. They found disagreement between theoretical and experimental results due to difficulty in locating where the signal exited the sample. Many researchers have worked on related techniques for finding the elastic constants nondestructively. 5-8 A common problem found in all the studies is the sensitivity of particular elastic constants to small errors in the measurements. 9
In most techniques used for determination of elastic constants, through transmission measurements are used. This requires access to both side of the samples. Also, in some cases the immersion of the sample in a fluid is required. Doyle and Scala •ø proposed a nondestructive scheme for measuring the elastic constants, while having access to only one side of the sample and using laser ultrasonic generation and interferometric detection. Also, Rose et al. TM attempted to determine the elastic constants of an orthotropic graphite/epoxy using one sided ultrasonic technique. He assumed the composite material to be homogeneous with depth and used guided surface and sub-surface waves to measure the elastic constants.
Two of the elastic constants that he found were not possible since they caused the stiffness matrix not to be positive definite.
In the acoustoultrasonic technique, two transducers are placed on one side of a sample and the time-of-flight is measured as a function of the separation distance. Hsu and Margetan •2 used this technique and showed that the experimentally observed times-of-flight were in agreement with theoretical predictions using elastic constants measured separately. In the present study, the acoustoultrasonic technique was used in the "inverse" manner. A method was developed to infer the elastic constants of thick composites nondestructively from the time of arrival of the obliquely reflected, acoustoultrasonic signals.
The paper starts with a theoretical justification of the use of the acoustoultrasonic method for the extraction of elastic constants for an orthotropic system whose surfaces correspond to one of the mirror planes of the material. Then, the numerical procedures for implementing this method on a where Cijkl are the elastic constants; kl, k2, k3 are the wave vector components in 1, 2, and 3 directions; p is the density; co is the angular frequency; and U is the displacement vector.
To avoid a trivial solution, the characteristic determinant of Eq. (1) is set to zero: 11 ( k, oo): I Cijklkjkl --to0o 2 aikl -O .
(2) Then, to define the velocity in terms of direction (0 and •), kl and k 2 can be written as (see Fig. 1 ): 
The solutions to the polynomial (5) are the components of the slowness in the 3 direction, for a given set of elastic constants, direction (0 and •b), and density. By substituting these roots into Eqs. (3) and (4), the other two components of the slowness vector can be determined. The expression for the constant coefficients, or A 's, are usually very long and complicated. For an orthotropic system, the A's in Eq. (5) are functions of Cll, C22, C33, C44, C55, C66, C12, C13, C23, 0, •b, and p. If the wave is propagated along the three direction (kl=k2-O=O), then the constant coefficients (A's) in Eq. (5) are only functions of C33 , C44 , C55 , and p. Also, the roots of the polynomial in this case will be k•) 2 -P (6) pure longitudinal C 3 3 pure shear polarized to the 2 axis C44 pure shear polarized to the 1 axis C55
where Eq. (6) corresponds to the L-wave velocity along the 3 direction, and Eqs. (7) and (8) correspond to the shear velocity along the 3 direction polarized along the 2 and 1 direction, respectively. Now, consider launching plane waves in the 1-3 plane (k2 = •b=0). In this case the constant coefficients (A 's) in Eqs. (5) will be functions of Cll, C33, C44, C55, C66, C13, 0, and p. In the same way, if waves are propagated in the 2-3 plane (kl=0, •b=•r), then the constant coefficients ½'s) in Eq. (5) will be functions of C22 , C33 , C44 , C55 , C66 , C23 , 0, and p.
Determination of group velocity
In a lossless anisotropic materials, the energy propagates along the group velocity direction. The group velocity vector 13 is written as
where
Vk:•l •lq-•2•2q-•3•3'
Here Vg is the group velocity vector and •, given by Eq. (2), defines the slowness surface. It is important to notice that, in calculating the group velocity, the gradient of • is a vector normal to the slowness surface; therefore, the group velocity is along the normal vector to the slowness surface.
B. Inverse problem for extraction of elastic constants

Orthotropic case
The experimental technique used in this study measures the group velocity vector Vg (see Fig. 2 ). Therefore, the above equations must be solved for the elastic constants in terms of the group velocity vector. First consider the general case of orthotropic symmetry with known principle axes along 1, 2, and 3 directions (see Fig. 1 ). In cases in which the principle axes are not known, there are experimental methods that can be used to determine these axes. TM Three of the elastic constants can easily be found by simple measurements. If an L wave and two shear waves polarized in the 2 and 1 directions are propagated in the 3 direction, the elastic constants C33 , C44 , and Css can be found using Eqs. Finally, oblique L waves are propagated in a direction which has components in all three directions (04:0, •b4:0). In this case the L-wave velocity depends on all the elastic constants. Hence, the two remaining elastic constants, C66 and C12, could be computed. It must be noted for this case, in reference to Fig. 2 , that the group velocity will be in the plane of the figure as shown. However, the phase velocity will in general have components out of the plane. This will slightly complicate the computational procedure due to the difference in plane of group velocity and phase velocity but adds no fundamental difficulty.
Transversely isotropic case
In transversely isotropic materials, there are only five independent elastic constants, and significant simplification occurs. Assuming that the plane of isotropy is the 2-3 plane, then the elastic constants are Cn, C22=C33, C44, C55=C66, C12=C13, C23=C22-2C44 . If an L wave and two shear waves, polarized in the 2 and 1 direction, are propagated in the 3 direction, then the elastic constants C33, C44, and C55 can be found using Eqs. (6) to (8). Thus the only remaining elastic constants to be found will be C ll and C•3. These two elastic constants could be found by measuring the group velocity vector of oblique L waves propagating in the 1-3 plane.
Therefore, the elastic constants in transversely isotropic materials could be found in the same procedure as in orthotropic materials, except the oblique L-wave arrival times need only be measured in one plane instead of in three planes.
A detailed analysis of this procedure follows, preceeded by a discussion of the experimental techniques used in ob- 
III. DATA ANALYSIS FOR EXTRACTION OF ELASTIC CONSTANTS
A. Analysis based on two observation points
Solution based on perturbation approach
The theoretical discussion indicates that it is possible to determine three of the five elastic constants of a transversely isotropic, unidirectional composite from through thickness velocity measurements. The remaining two, Cn and C•3, must be inferred from measurements of the angular dependence of the velocity in the 1-3 plane. Such information can be found from the acoustoultrasonic measurement procedure discussed in the previous section.
The simplest procedure would be to measure the arrival time at two different transducer separations. This would Provide the minimum information necessary to infer C• and C•3. In the remainder of this subsection, an analysis of the accuracy of such an approach will be presented. To gain insight into the importance of various physical parameters, this will be based on a perturbation theory which is valid when the elastic constants of the composite are not too different from their nominal values. This assumption will allow an analytical sensitivity analysis which will reveal a number of important factors governing the ability to extract elastic constants by this approach. The elastic constants of individual samples of graphite/ epoxy composite material with the same layup are usually somewhat different from each other. In fact, the existence of these differences, mainly due to manufacturing and curing processes, are the motivation of this work. For example, the three unidirectional composite samples used in this study were manufactured at two different companies; thus, the values of their elastic constants were not expected to be identical. 
Consider elastic constants (Cij
where Vg 1 and Vg 2 can be measured experimentally using the acoustoultrasonic configuration. Also, the function f can be obtained numerically for the two group velocity directions Ogl and Og2 using the unperturbed elastic constants. Therefore, the terms A 1 and A 2 can be computed. The terms a 1, a2, ill, and fi2 can also be computed numerically for the two group velocity directions Ogl and Og2. This is done by changing the unperturbed elastic constants COn and C1ø3 by small As was mentioned before in the discussion of experimental procedures, it was found that the random uncertain-ties in time-of-flight (6t) and separation distance (6D) measurements are +40X10 -9 s and _+1 mm, respectively. After computing all the derivatives in Eq. (22), the uncertainties in computing A C 11 and A C 13 while taking measurements only at two points were 6(ACll) = 13.16 GPa, 6(AC13)'--1.12 GPa.
These results predict about a 10% accuracy in the determination of Cll and 20% in the determination of C13. In addition, the analysis showed that the majority of the random errors in Cll and C13 were caused by uncertainties in timeof-flight measurements (about 99%). The uncertainties in separation distance measurements contributed less than 1% of the total errors in Cn and C13. In order to obtain better results, it would be expected that more data than just two separations should be obtained. The following subsection discusses such an approach. . (9) . Therefore, a phase velocity direction is found that produces the same group velocity direction as measured. This is done by using Nelder-Mead 16 minimization routine. It must be mentioned that, although the group velocity corresponding to the computed phase velocity has the same direction as 0g, its magnitude may not be the same as the measured group velocity due to possible errors in the estimated values of unknown elastic constants. Thus, the phase velocity direction corn-puted in step 3 will produce the same separation distance as in the experimental measurement, but the time-of-flight will in general be different. If we had chosen the exactly correct elastic constants and performed the experiments without any error, then Q would have been zero. However, due to experimental errors, Q does not minimize to zero, but converges to some small minimum value (it is denoted as "converged Q") for a set of elastic constants.
B. Analysis.based on multiple observation points
Due to the presence of errors in the data, the elastic constants found for the converged Q may not be the correct values. Experimental errors and the sensitivity of the elastic constants to these errors may cause these elastic constants to be considerably different from the correct answers.
Constraints on elastic constants
Particular constraints have to be imposed in the iteration of the unknown elastic constants in step 7 of the numerical procedure. The values of Cll and C13 are expected to be positive for this class of materials, and the stiffness matrix has to remain positive definite. The minimization routine used in this study (Nelder and Mead method) did not support enforcement of the constraints. Therefore, the two design variables were defined in a way to insure all the necessary constraints. Reference 17 has a detailed definition of the design variables.
Sensitivity of nu..rnerica! procedure to experimental error
The sensitivity analysis performed earlier using the perturbation method considered only two experimental data points. However, in this study more than two data points were taken in each experiment. To study the sensitivity of the numerical procedure to errors, a series of experiments were simulated by adding random errors to the "correct" measurements. First, the set of unperturbed (nominal) elastic constants chosen earlier was used to simulate ten experimental data points (ten sets of separation distances versus times-offlight). When these ten simulated experimental data were fed to the numerical procedure, the unperturbed elastic constants were found by the program. This was done mainly as a check of the numerical procedure.
As mentioned before, during the course of experiments it was realized that there were two types of errors involved with the experimental data. First, there were random errors caused by difficulties in achieving accurate measurements in the experiments. The second type of error was a systematic error in the time-of-flight measurements. The latter error was mainly due to the difficulty in specifying a precise origin of time for delay measurements, and the time that the signal actually starts. Each type of error was analyzed separately.
Random errors
As was mentioned before, it was found that the uncer- 
Uncertainties in time shift At
To minimize the value of the converged Q, a time shift was applied to the experimental data. However, for very small time shifts, the sensitivity of the converged Q is limited because of minor oscillation in its value for very small incremental changes in time shift. Hence the time shift increment had to be bounded below. In this study it was found that the time shifts of less than 0.05 /as did not produce a more accurate minimum converged Q. Thus the uncertainty in the time shift was 0.05/as. To investigate the errors in extracted elastic constants C 11 and C 13, due to the bound in time shift, the results from the systematic error analysis based on multiple observation points were used. By using the graphs from Fig. 7 it was found that the errors in extracted elastic constants are +_3.5 GPa or 2.5% for C ll and +0.8 GPa or 11.5% for C13 when At is systematically changed by 0.05/as.
IV. RESULTS
In this study, three unidirectional graphite/epoxy composite samples were used for the experiments. The thicknesses of all three samples were about 25 mm. The experiments were performed using 1 MHz, 0.5-in. (12.7 mm) diam L-wave contact transducers. Separate data sets were taken on each sample by two different people to ensure the repeatability of the measurements. The minimum separation distance was 20 mm and the maximum separation was limited by the sample size. In sample no. 1 the maximum separation distance was 120 mm and in samples no. 2 and no. 3 it was 100 mm. The number of data points in each experimental set varied between 15 to 20 points. Then the measurement results were fed into the computer program to find the unknown elastic constants Cll and C13. Table II shows the results obtained from the experiments on the three composite samples. To verify our results, the nominal values of the unknown elastic constants for sample no. 1 were measured. These values were measured by cutting a small part of one of the samples and measuring the velocities in the various directions.
If it is assumed that the minimization of the converged Q eliminates the systematic errors, then the only type of error affecting the final results will be random error. The sensitivity analysis in the previous section predicted that for uncertainties of +_40X 10 -9 s in time-of-flight and +_ 1 mm in separation distance measurements, the random errors for C 11 and C13 are +_1.0 and +_0.1 GPa, respectively. However, Table II shows that the deviation of unknown elastic con- which produced an uncertainty in the extracted elastic constants of +3 GPa for C i• and +0.8 GPa for C13, which are on the order of the deviations in Table II .
It must be mentioned that there are other sources of the error that were not considered in this study. Some of these sources of error are (1) the systematic errors were not constant for all separation distances (as originally assumed), (2) the finite size of the transducers used in the experiments (the formulation was based on point transmitter and receiver), (3) nonuniform thickness of the samples, which in turn implies inhomogenity of the material.
v. CONCLUSION
All the values of elastic constants of three unidirectional graphite/epoxy composites laminates were found nondestructively and by having access to only one side of the samples. Three of the elastic constants were determined by using longitudinal and shear waves propagated in the normal direction of the laminate. The remaining two elastic constants were found using the acoustoultrasonic technique. In this technique the oblique signals and their reflections traveled in the 1-3 plane. For a unidirectional composite, the measurement in the 1-3 plane was adequate to find the remaining two elastic constants. The values obtained by the experiments were close to independently measured values of the elastic constants. It was also shown numerically that the accuracy of the results would be inadequate if an insufficient number of experimental data points were used. Sensitivity analysis indicated that systematic errors affect the final results more than random errors.
This method of elastic constant measurement will be extended to other anisotropic composites with lower symmetry than the unidirectional case.
